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Recently, an anisotropic cosmological model was proposed. An arbitrary 1-form, which
picks out a privileged axis in the universe, was added to the Friedmann-Robertson-
Walker line element. The distance-redshift relation was modified such that it is direction
dependent. In this paper, we use the Union2 dataset and 59 high-redshift gamma-ray
bursts to give constraints on the anisotropy of the universe. The results show that the
magnitude of anisotropy is about D = −0.044 ± 0.018, and the privileged axis points
towards the direction (l0, b0) = (306.1◦±18.7◦,−18.2◦±11.2◦) in the galactic coordinate
system. The anisotropy is small and the isotropic cosmological model is an excellent
approximation.
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1. Introduction
The ΛCDMmodel is widely accepted as the standard model in modern cosmology. It
is based on the cosmological principle, which says that the universe is homogeneous
and isotropic at large scales. The ΛCDM model is well consistent with current
observations on the cosmic microwave background (CMB) radiation,1, 2 the large
scale structure of the cosmos,3 the statistics of galaxies,4 the halo power spectrum,5
1
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and so on. The tiny fluctuations of the CMB temperature show that the cosmological
principle is an excellent assumption.6
In spite of the successes mentioned above, the ΛCDM model also faces many
challenges. It was found that there exists a large bulk-flow velocity at scales up to
about 100h−1 Mpc.7–9 However, the ΛCDM model predicts a much smaller velocity
at a much smaller scale. The alignments of low multipoles in the CMB angular
power spectrum seem to point towards certain directions,10–15 which also conflicts
with the prediction of ΛCDMmodel. The large-scale alignments of the quasar polar-
ization vectors are not randomly oriented over the sky with a high probability.16, 17
The alignment effect seems to be prominent along a particular axis. All of these
anomalies, although not confirming, imply that the universe may be anisotropic
and there may exist a privileged axis.
As the standard candle, the type Ia supernovae (SNe Ia) have been widely used
to study the possible anisotropy of the universe. In the framework of ΛCDM model,
Antoniou & Perivolaropoulos used the hemisphere comparison method to search for
a preferred axis in the full Union2 dataset.18 They found that at a certain direc-
tion, the accelerating expansion rate of the universe reaches its maximum. Using
the same data and method, Cai & Tuo found a similar preferred axis in the context
of ωCDM model.19 Kalus et al. studied the SNe Ia with low redshift z < 0.2 and
also found a direction at which the expansion rate reaches its maximum.20 Zhao
et al. studied the anisotropy of cosmic acceleration by dividing the Union2 dataset
into 12 subsets, and found a dipole effect whose direction is approximately perpen-
dicular to the direction of the CMB kinematic dipole.21 Although the magnitude of
isotropy is small enough such that the ΛCDM model is an excellent approximation,
an anisotropic cosmological model cannot be ruled out.
Very recently, Chang et al. proposed an anisotropic cosmological model in the
Randers spacetime.22 An arbitrary 1-form was added to the Friedmann-Robertson-
Walker (FRW) line element. This 1-form picks out a preferred axis in the universe.
The distance-redshift relation was modified such that it is direction-dependent. The
constraint from the Union2 dataset gave the magnitude of anisotropy and the direc-
tion of the privileged axis. However, the redshifts of SNe Ia in the Union2 dataset
are no more than 1.4. It is questionable whether the results can be extended to the
high-redshift region. The gamma-ray bursts (GRBs) provides a good supplementary
to SNe Ia. The furthest GRB detected at present has redshift as high as 8 or more.
For example, the redshift of GRB 090424 is about 8.1.23 In fact, GRBs have already
been used by some authors to study the Hubble diagram.24–28
In this paper, we combine the Union2 dataset with GRBs to constrain the pa-
rameters of the anisotropic cosmological model proposed by Chang et al.. The rest
of the paper is organized as follows: In section 2, we briefly review the anisotropic
cosmological model in the context of Randers spacetime. In section 3, we use the
Union2 dataset and 59 long GRBs to constrain the parameters of the model. We
find that there is obviously a privileged axis in the universe, and the anisotropy of
the universe is at the order of magnitude D = −0.044± 0.018. Finally, discussions
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and conclusions are given in section 4.
2. The Anisotropic Cosmological model in the Randers spacetime
The line element in the Randers spacetime can be written as the FRW line element
added by an extra 1-form22
dτ = dτ + b˜µ(x)dx
µ, (1)
where
dτ =
√
dt2 − a2(t)(dx2 + dy2 + dz2) (2)
is the FRW line element in the ΛCDM model, and the 1-form b˜µ(x)dx
µ picks out
a privileged axis in the universe. x = (t, x, y, z) is the four-dimensional spacetime
coordinate. Chang et al. have showed that the anisotropy of Hubble diagram stems
from the spatial components of the privileged axis b˜µ(x). Without loss of general-
ity, one can choose the Cartesian coordinate system (CCS) such that the z-axis is
towards the privileged direction. Furthermore, assuming that the 1-form depends
only on the time coordinate, then Eq.(1) simplifies to
dτ =
√
dt2 − a2(t)(dx2 + dy2 + dz2) + b˜3(t)dz. (3)
Following the similar procedure of general relativity, one can calculate the con-
nections and curvatures from the line element. Substituting the connections and
curvatures into the Einstein equations, we get the modified Friedmann equation in
the Randers spacetime. It reads
3
(
a˙
a
)2
+
1
a4
[
(a˙2 − 2aa¨)b˜23 − aa˙(b˜
2
3)
.
]
= 8piGρ, (4)
where the dots denote the temporal derivative d/dt, G is the gravitational constant
and ρ is the energy density of cosmic inventory. When b˜3 ≡ 0, Eq.(4) reduces to the
well-known Friedmann equation.
In the anisotropic cosmological model, the redshift of an object locating at the
direction pˆ and time t can be modified as
1 + z(t, pˆ) =
1
a(t)
[1 −D(nˆ · pˆ)], (5)
where | D |≪ 1 represents the magnitude of anisotropy of the universe and nˆ is the
direction of the privileged axis. When deriving Eq.(5), we have already set the scale
factor today to be unity, ie., a(t0) = 1. Here and after, a hat over a vector denotes
the unit vector of that direction. In the special CCS where the z-axis is exactly
towards the privileged direction, Eq.(5) reduces to
1 + z(t, cos θ) =
1
a(t)
[1−D cos θ], (6)
where θ is the angle between nˆ and pˆ.
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Since the universe is anisotropic, the luminosity distance-redshift relation is
orientation-dependent. It can be rewritten as22
dL = (1 + z)
c
H0
∫ z
0
(1−D cos θ)−1dz√
ΩM
(
1−D cos θ
1+z
)
−3
+ΩΛ
, (7)
where c is the speed of light in vacuum, and H0 is the Hubble constant. When the
anisotropy vanishes, i.e., D = 0, Eq.(7) returns back to that of ΛCDM model. It is
more convenient to transform the luminosity distance to the dimensionless distance
modulus, which is defied as
µ ≡ 5 log10
dL
Mpc
+ 25. (8)
3. Numerical Constraints from SNe Ia and GRBs
In this section, we will use the Union2 compilation and GRBs to constrain the
model parameters. Before proceeding, some coordinate systems should be clarified.
Corresponding to the galactic coordinate system (GCS), we define a CCS, whose
origin locates at the center of the GCS. The z-axis of the CCS is towards the north
pole (l, b) = (0◦, 90◦), the x-axis is towards the point (l, b) = (0◦, 0◦), and the xyz
axes comprise the right-handed set. Thus, the orientation of an object with galactic
coordinate (l, b) can be written in the CCS as
pˆ = cos(b) cos(l)ˆi+ cos(b) sin(l)ˆj+ sin(b)kˆ, (9)
where iˆ, jˆ and kˆ are the unit vectors along the x, y and z axes, respectively. Fur-
thermore, we suppose that the privileged axis is along the direction
nˆ = cos(b0) cos(l0)ˆi + cos(b0) sin(l0)ˆj+ sin(b0)kˆ. (10)
The cosine of the angle θ between pˆ and nˆ is given as cos θ = pˆ · nˆ.
We first use the Union2 dataset29 to constrain the model parameters. The
Union2 dataset consists of 557 SNe Ia, all of which have well observed reshift,
distance modulus and orientation in the equatorial coordinate system (ECS). We
define χ2 as
χ2 =
N∑
i=1
(
µ
(i)
th − µ
(i)
obs
σ
(i)
µ
)2
, (11)
where µth is the theoretical distance modulus calculated from Eqs.(7) and (8), µobs
and σµ are the observed distance modulus and its uncertainty, respectively, and
N is the total number of SNe Ia. We perform the least-χ2 method to determine
the parameters. The model have five parameters in total, ie., the magnitude of the
anisotropy D, the orientation of the privileged axis (l0, b0), the matter component
ΩM and the Hubble constant H0. It should be noted that the observed orientations
of the SNe Ia are given in the ECS. We should firstly transform them into the GCS.
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The detailed transformation between the two systems is excellently described in the
book of Peter.30
As the zeroth order approximation, namely D ≡ 0, the Randers-type cosmology
reduces to the ΛCDM model. The best fit to the ΛCDM model gives (ΩM , h0) =
(0.270±0.020, 0.700±0.004).Where H0 ≡ 100h0 km s
−1Mpc−1. Here and after, the
errors quoted are of 1σ. Next, we fix (ΩM , h0) to their central values and perform a
three-parameter fit. The results show that the magnitude of the anisotropy is D =
−0.044± 0.019, pointing towards the direction (l0, b0) = (306.2
◦ ± 19.3◦,−18.2◦ ±
11.6◦). It should be mentioned that there exists another equivalent solution, which
D changes its sign and the privileged axis changes to its opposite direction, ie.,
D −→ −D and (l0, b0) −→ (l0 − 180
◦,−b0). This can be easily see from Eq.(7),
since D is always multiplied by cos θ. For simplicity, we constrain D to be negative.
To see any possible dependence of the anisotropy on the values of (ΩM , h0), we
set all parameters free and perform a five-parameter fit. The results are give as
(ΩM , h0) = (0.268 ± 0.020, 0.703 ± 0.004), D = −0.049 ± 0.019, and (l0, b0) =
(307.0◦±16.7◦,−14.5◦±11.0◦). As can be seen, the preferred axis derived from the
five-parameter fit is consistent with that derived from the three-parameter fit.
Although the SNe Ia provide a strict constraint on the anisotropy of the universe,
the redshifts of the SNe Ia in the Union2 dataset are no larger than 1.4. It is
questionable whether such a constraint is suitable at high redshift region. The GRBs
provide a good supplement to the shortcoming of SNe Ia. In fact, GRBs have been
widely used to constrain the cosmological models.24–28 A lot of methods have been
proposed to calibrate GRBs, such as the scatter method,31 the luminosity distance
method,31 and the Bayesian method.32 Wei has calibrated 109 long GRBs using
the Amati relation.27 Among the 109 GRBs, 50 of then have redshift z < 1.4, and
the rest 59 have redshift 1.4 < z 6 8.1. The calibrating procedure is as follows.
Firstly, derive the distance modulus for the 50 low-redshift GRBs by using cubic
interpolation from the 557 Union2 SNe Ia. Then, transform the distance modulus
to the luminosity distance using Eq.(8). Thus, the isotropic equivalent energy Eiso
can be derived from the relation
Eiso = 4pid
2
LS(1 + z)
−1, (12)
if the flux S and the redshift z are known. Then use the best fit method to derive
the parameters (λ, b) in the Amati relation
log
Eiso
erg
= λ+ b log
Ep,i
300keV
, (13)
where Ep,i = Ep,obs×(1+z) is the cosmological rest-frame spectral peak energy, and
Ep,obs is the observed peak energy. Next, extend the parameters (λ, b) to the rest
59 high-redshift GRBs and calculate their isotropic equivalent energy Eiso using the
Amati relation Eq.(13). Finally, the luminosity distance and distance modulus of
the high-redshift GRBs can be deduced from Eq.(12) and Eq.(8), respectively. As is
showed, the advantage of this method is that it is cosmological model independent.
The shortcoming is that it depends on the SNe Ia data.
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Fig. 1. The confidence regions of 1σ in the (ΩM , h0) plane. The black contour corresponds
to SNe Ia only, the red contour corresponds to SNe Ia and GRBs. The center values are
denoted by stars.
We combine the 59 high-redshift GRBs with the 557 SNe Ia in the Union2 dataset
to constrain the parameters of the anisotropic cosmological model. Thus, our sample
consists of 616 objects in total. Following the procedure above, we firstly apply two-
parameter fit to the ΛCDM model. It gives (ΩM , h0) = (0.272±0.019, 0.700±0.003).
The 1σ confidence regions in the (ΩM , h0) plane are plotted in Figure 1. Then we
fix (ΩM , h0) to their central values and apply three-parameter fit to derive the
anisotropy of the universe, D = −0.044± 0.018, (l0, b0) = (306.1
◦± 18.7◦,−18.2◦±
11.2◦). The 1σ confidence regions in the (l0, b0) plane are depicted in Figure 2.
Finally, freeing all the five parameters, we get (ΩM , h0) = (0.269 ± 0.019, 0.703±
0.004), D = −0.050 ± 0.019, and (l0, b0) = (306.9
◦ ± 16.1◦,−14.6◦ ± 10.6◦). Note
that all these results are consistent with that derived from the SNe Ia only.
4. Discussions and conclusions
Finsler geometry is a generalization of Riemann geometry.33, 34 Unlike Riemann ge-
ometry, Finsler geometry gets rid of the quadratic restriction on the line element and
it is intrinsically anisotropic. The isometric transformation shows that there are less
symmetries in Finsler geometry than in Riemann geometry.35–37 As a special kind of
Finsler geometry, the Randers spacetime provides us an ideal framework to describe
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Fig. 2. The confidence regions of 1σ in the (l0, b0) plane. The black contour corresponds
to SNe Ia only, the red contour corresponds to SNe Ia and GRBs. The center values are
denoted by stars.
the anisotropic universe. By adding an arbitrary 1-form to the well-known FRW line
element, a privileged axis in the universe is picked out. The distance-redshift relation
is modified to be direction-dependent. The combination of the Union2 dataset with
59 long GRBs gives strict constraints on the anisotropic cosmological model. A di-
rect fit to the dataset shows that the magnitude of anisotropy isD = −0.044±0.018,
and the privileged axis points towards (l0, b0) = (306.1
◦ ± 18.7◦,−18.2◦± 11.2◦) in
the GCS. In a previous paper,22 Chang et al. used the Union2 dataset to fit the
model and got the privileged axis to be (α0, δ0) = (263
◦ ± 43◦, 91◦ ± 13◦) in the
ECS, and then transformed it into GCS as (l0, b0) = (304
◦± 43◦,−27◦± 13◦). This
result is somewhat misleading. The first thing is that, the declination of the ECS
should be in the range −90◦ ≤ δ0 ≤ 90
◦. The result δ0 = 91
◦ is out of this bound-
ary. We checked carefully the program and found a bug. The second thing is the
error propagation between the two systems. The transformation from ECS to GCS
is highly nonlinear. Thus, the error can’t be simply copied from one system to the
other. In order to avoid such a problem, we take the numerical analysis in the GCS
directly. Although the best-fit parameters are close to that of previous paper, the
statistical significance is highly improved.
The anisotropy of the universe has been widely studied using different datasets
and methods. Jackson investigated 468 ultra-compact radio sources and found the
June 4, 2018 22:54 WSPC/INSTRUCTION FILE Anisotropy-mpla
8 Z. Chang, X. Li, H.-N. Lin, S. Wang
smallest value of ΩM being towards (l0, b0) = (253.9
◦, 24.1◦), while the maximum
value being towards its opposite direction.38 Kogut et al. found that the CMB
dipole in the Local Group points to (l0, b0) = (276
◦ ± 3◦, 30◦ ± 3◦).39 Antoniou
& Perivolaropoulos analyzed the Union2 dataset using the hemisphere comparison
method in the context of ΛCDM model, and found that the hemisphere of maximum
accelerating expansion rate is in the direction (l0, b0) = (309
+23
−03, 18
+11
−10)
◦, which also
corresponding to the minimum value of ΩM .
18 Using the same data and method, Cai
& Tuo took the deceleration parameter as the diagnostic to quantify the anisotropy
level in the ωCDM model, and found that the maximum accelerating expansion
direction is (l0, b0) = (314
+20
−13, 28
+11
−33)
◦.19 Kalus et al. tested the isotropy of the ex-
pansion of the universe by estimating the hemispherical anisotropy of SNe Ia Hub-
ble diagrams at redshifts z < 0.2, and found the highest expansion rate is towards
(l0, b0) = (325
◦,−19◦), while the Hubble anisotropy is about ∆H/H ∼ 0.026.20 Cai
et al. constructed a direction-dependent dark energy model phenomenologically.24
The constraints from the Union2 dataset and GRBs give the maximum anisotropic
deviation direction (l0, b0) = (306
◦,−13◦), while the magnitude of anisotropy is
about g0 = 0.030
+0.010
−0.030. The directions obtained by different authors are plotted in
Figure 3 for comparison. Our result (denoted by a star in Figure 3) is very close to
the directions obtained in Ref. 20 and Ref. 24.
In our analysis, the best-fit parameters obtained from the Union2 dataset and
GRBs are very close to that derived from the Union2 dataset only. This is in our
expectation. The first reason is that the distance modulus of GRBs is calibrated
from the Union2 dataset. The other reason is that the number of GRB (59) is much
smaller than the number of SNe Ia (557). In order to make the conclusion more
convincing, we may add more GRBs to the dataset and use a different calibrating
method which is independent of SNe Ia. Other dataset, such as ultra-compact radio
sources and quasars, can also be used. However, the uncertainties of these objects
are much larger than that of SNe Ia. SNe Ia are still the best standard candles at
the present time.
Interestingly, the magnitude of anisotropy (|D| = 0.044 ± 0.018) obtained here
is approximately equal to that of CMB dipole. The recent released Planck data
show that the dipole magnitude of CMB temperature fluctuations is about A =
0.07 ± 0.01, and the dipole direction points to (l0, b0) = (218.9
◦ ± 15.4◦,−21.4◦ ±
15.1◦).40 This further conforms the previous WMAP result.41 The privileged axis
found in this paper points towards a direction which is almost perpendicular to
the direction of CMB dipole. The discrepancy between these two directions may
be due to the different scales they involve. CMB is observed to the distance with
redshift larger than 1000, while the furthest supernova studied in this paper has
redshift z ≈ 1.4. Even if GRBs were included, the highest redshift is no more than
8.1. In a recent paper,42 Chang & Wang proposed an inflation model of the very
early universe in Randers spacetime, and obtained the primordial power spectrum
of the scalar perturbation with direction dependence. This model is consistent with
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Fig. 3. The privileged axes in different publications in the GCS. A(253.9◦, 24.1◦),38
B(276◦, 30◦),39 C(309◦, 18◦),18 D(314◦, 28◦),19 E(325◦,−19◦),20 F(306◦,−13◦),24 and
G(306.1◦,−18.2◦) is our result.
the hemispherical asymmetry of the CMB temperature fluctuations observed by
WMAP and Planck satellites. These phenomena imply that anisotropy may be an
intrinsic property of the spacetime.
Acknowledgements
We are grateful to Y.-G. Jiang and M.-H. Li for useful discussion. This work is
funded by the National Natural Science Fund of China under Grant No. 11075166
and No. 11375203.
References
1. E. Komatsu, et al., [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011).
2. D. N. Spergel, et al., [WMAP Collaboration], Astrophys. J. Suppl. 170, 377 (2007).
3. D. J. Eisenstein, et al., [SDSS Collaboration], Astrophys. J. 633, 560 (2005).
4. S. Trujillo-Gomez, A. Klypin, J. Primack & A. J. Romanowsky, Astrophys. J. 742, 16
(2011).
5. B. A. Reid, et al., Mon. Not. Roy. Astron. Soc. 404, 60 (2010).
6. K. M. Smith, L. Senatore & M. Zaldarriaga, J. Cosmol. Astropart. Phys. 0909, 006
(2009).
June 4, 2018 22:54 WSPC/INSTRUCTION FILE Anisotropy-mpla
10 Z. Chang, X. Li, H.-N. Lin, S. Wang
7. A. Kashlinsky, F. Atrio-Barandela, D. Kocevski & H. Ebeling, Astrophys. J. 686, L49
(2008).
8. G. Lavaux, R. B. Tully, R. Mohayaee & S. Colombi, Astrophys. J. 709, 483 (2010).
9. R. Watkins, H. A. Feldman & M. J. Hudson, Mon. Not. Roy. Astron. Soc. 392, 743
(2009).
10. P. Bielewicz, K. M. Gorski & A. J. Banday, Mon. Not. Roy. Astron. Soc. 355, 1283
(2004).
11. Z. Chang, X. Li & S. Wang, arXiv:1307.4542 (2013).
12. C. J. Copi, D. Huterer, D. J. Schwarz & G. D. Starkman, Advances in Astronomy
2010, 17 (2010).
13. M. Frommert & T. A. Enßlin, Mon. Not. Roy. Astron. Soc. 403, 1739 (2010).
14. C. H. Lineweaver, L. Tenorio, G. F. Smoot, P. Keegstra, A. J. Banday & P. Lubin,
Astrophys. J. 470, 38 (1996).
15. M. Tegmark, A. de Oliveira-Costa & A. Hamilton, Phys. Rev. D 68, 123523 (2003).
16. D. Hutsemekers, R. Cabanac, H. Lamy & D. Sluse, Astron. Astrophys. 441, 915
(2005).
17. D. Hutsemekers, A. Payez, R. Cabanac, H. Lamy, D. Sluse, B. Borguet & J. R. Cudell,
arXiv:0809.3088 (2008).
18. I. Antoniou & L. Perivolaropoulos, J. Cosmol. Astropart. Phys. 1012, 012 (2010).
19. R.-G. Cai & Z.-L. Tuo, J. Cosmol. Astropart. Phys. 1202, 004 (2012).
20. B. Kalus, D. J. Schwarz, M. Seikel & A. Wiegand, Astron. Astrophys. 553, A56 (2013).
21. W. Zhao, P. X. Wu & Y. Zhang, Int. J. Mod. Phys. D 22, 1350060 (2013).
22. Z. Chang, M.-H. Li, X. Li & S. Wang, Eur. Phys. J. C 73, 2459 (2013).
23. R. Salvaterra, et al., Nature 461, 1258 (2009).
24. R.-G. Cai, Y.-Z. Ma, B. Tang & Z.-L. Tuo, Phys. Rev. D 87, 123522 (2013).
25. B. E. Schaefer, Astrophys. J. 660, 16 (2007).
26. H. Velten, A. Montiel & S. Carneiro, Mon. Not. Roy. Astron. Soc. 431, 3301 (2013).
27. H. Wei, J. Cosmol. Astropart. Phys. 1008, 020 (2010).
28. J.-J. Wei, X.-F. Wu & F. Melia, Astrophys. J. 772, 43 (2013).
29. R. Amanullah, et al., Astrophys. J. 716, 712 (2010).
30. D. S. Peter, Practical Astronomy with your Calculator, Cambridge University Press,
second edition, 1981.
31. G. Ghirlanda, G. Ghisellini, D. Lazzati & C. Firmani, Astrophys. J. 613, L13 (2004).
32. C. Firmani, G. Ghisellini, G. Ghirlanda & V. Avila-Reese, Mon. Not. Roy. Astron.
Soc. 360, L1 (2005).
33. P. Finsler, U¨ber Kurven & Fla¨chen in allgemeinen Ra¨umen, (Dissertation, Go¨ttingan,
1918), Birkha¨user Verlag, Basel (1951).
34. D. Bao, S. S. Chern & Z. Shen, An Introduction to Riemann-Finsler Geometry, Grad-
uate Texts in Mathematics 200, Springer, New York (2000).
35. H. C. Wang, J. London Math. Soc. s1-22 (1), 5 (1947).
36. S. F. Rutz, Contemp. Math. 196, 289 (1996).
37. X. Li & Z. Chang, Differ. Geom. Appl. 30, 737 (2012).
38. J. C. Jackson, Mon. Not. Roy. Astron. Soc., 426, 779 (2012).
39. A. Kogut, et al., Astrophys. J. 419, 1 ( 1993).
40. P. A. R. Ade, et al., [Planck Collaboration], arXiv:1303.5083 (2013).
41. C. L. Bennett, et al., [WMAP collaboration], Astrophys. J. Suppl. 192, 17 (2011).
42. Z. Chang & S. Wang, Eur. Phys. J. C 73, 2516 (2013).
